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Abstract：The terrain model based on fractal character can sufficiently represent the statistical texture featureg of the ter- 

rain．Better model and higher resolution DEM (Digital Elevation Mode1)data can be obtained from the lower resolution 

data by using fractal interpolation．The determ ination of fractal scaleless range is very important for computing the fractal 

characteristic parameters and modeling the digital elevation．The traditional method for determ ining the fractal SCaleless 

range usually adopts the mutual test between people and compute．However，this method tends to be too subjective． 
Hence，we offer an auto—determ ining method，which has been proved to be concise，effective and efficient by experi· 

mental results． 
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摘要：分形地貌的分维模型能够充分反映地形的统计纹理特征，利用分形内插能从低分辨率的卫星或航空照片高 

程数据获取高分辨率的高程数据，达到较理想的建模效果．而分形模型中无标度区的确定直接影响到分形特征参 

数的求解和 DEM建模质量的好坏，常用方法是采用人机交互试验来选取无标度区，缺乏客观标准．本文提出一种 

自动确定无标度区的方法，实验结果表明，该方法在DEM自动建模过程中是简洁、有效的． 

关 键 词：数字高程模型(DEM)；分形布朗运动(FBM)；无标度区 

Intr0ductiOn 

Modeling the digital elevation based on computer 

vision is impossible to obtain the elevation data at every 

spot because of the problems of sheltering and error 

matching during the image processing．Therefore，in— 

terpolation computing of surface data is needed in order 

to gain high—resolution elevation data． 

The theoretic analysis and experimental 

resuIts： · · ]have alreadv indicated clearlv that the surf 

interpolation technology based on fractal geometry can 

reflect the statistic texture character about terrain and 

obtain a better model，while the traditional interpola— 

tion arithmetic based on smoothness—restricted can not 

reflect the coarse terrain． 

Fractal character parameter，which only exists in 

a certain section，must be obtained during the process 

of DEM fractal interpolation． In this paper，a new 

method for determining fractal scaleless range has been 

researched．The experimental results show that this 
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Introduction 

Modeling the digital elevation based on computer 

vísion Îs impossíble to obtain the elevation data at every 

spot because of the problems of sheltering and error 

matching during the image processing. Therefore , in­

terpolation computing of surface data is needed in order 

to gain high-resolution elevation data. 

The theoretic analysis and experimental 

results: 1.2 .3 J have already indicated clearly that the surf 
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Fig．1 Fractal features fit 

图1 分形特征拟合 

method is concise，effective and efficient 

X 

1 Modelling di tal elevation based oil FBM 

FBM (Fractional Brownian Motion)proposed by 

Mandelbrot and Ness： · is a Gaussian random function 

with zero mean．The FBM function A x)is real-valued 

random function．According to FBM statistical similari- 

ty，f0r all x and,Ax， 

E[I +,Ax)一 x)1]·ll△ ll一 

= c =20-／V／27r， (1) 

where represents a point in the E-dimensional 

Euclidean space，H is a Hurst constant(0<H<1)for 

3 D terrain surfaces．Equation(1)is equivalent to 

E[I i+△ √+aj)-A i， )I]·II,Ax II 

= c：20-／~2rr． (2) 

Taking logarithm at both sides of the equation，we get 

logE[I i+△ ， + )一 i， )I] 

一 ／-／log ll△ ll=logC． (3) 

According to the least square method， and C(or 0-)can 

be computed by fitting me thod in fraetal scaleless range． 

Provided i and are odd numbers，the digital ele- 

vation f(i，J)has already been determined．First，we 

can compute the digital elevation_厂(i，J)such that both 

Fig．2 The original DEM 

图2 原始 DEM 

i and j are even numbers by using the folloiwng equa- 

tion： 

1 

√)= 1{ i一1√一1)+ i+1√一1) 

+_厂(i一1， +1)+ i+1， +1)} 

+,／1—21 ll,Ax 0-·Gauss()． (4) 

Then we can compute the digital elevation i，j、such 

that onlv one of i and is an odd numbers by equation： 

1 

， ) 1{ ， 一1)+ i+1， ) 

+ i一1， )+ i， +1)} 

+2 !V1—21 !ll,Ax 0-·Ga1．zss()， (5) 

where，Gauss()is a Gaussian random variable with N 

(0，1)distribution．Iterating equations(4)and(5)， 

we can get the DEM with certain quality． 

The position of}0i+ ， + 、can be chosen by 

the method presented in reference[3]and[4]．In 

order to simplify the calculation of practical applica- 

tions，we can use Street Distance(1l,Ax ll=l△ l+l 

J)or Chessboard Distance(1l ll=maxl△ l，l 

1)to determine the value of lI△z l1． 

2 The method of determining scaleless range 

A lower limit ll,Ax llIl1。 and an upper limit ll,Ax 

ll 、always exist in natural fraetal，and can be 

described by scaleless range or unchanged scale range． 

Fraetalness only exists in scaleless range． So we eaR 

nlake fraetal analysis only in scaleless range，otherwise 

we cannot get the exact ffaetal characteristic parameters． 

The traditional method to determ ine the scaleless 

range is to draw the data points to be fitted in a plane， 

and then find the certain linear sections by human eye． 

Then according to the scaleless range，fraetal parame- 

ters ean be computed．This method，which obviously 

lacks objectivity．is inconvenient for the auto—mode1． 

Fig．3 The sampled DEM 

图 3 抽样后的 DEM 
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method is concise , effective and effi( 

X 

1 Modelling digi阳J elevation based on FBM 

FBM (Fractional Brownian Motion) proposed by 

Mandelbrot and Ness c 4.5 is a Gaussian random function 

with zero mean. The FBM func tÌon f( x) is real幽valued

random function. According to FBM statistical similari­

ty , for all x and .::1x , 

E[ 1 f( λ; + .::1x) …f( x) 1 ] • II .::1x 11 -H 

百 C = 2σ/ /2ii. (1) 

where x represents a point in the E幽dimensional

Euclidean space , H is a Hurst constant (0 < H < 1) for 

3D terrain surfaces. Equation (1) is equivalent to 

E[ 1 f (i + .::1 i ,j + .::1j) 叩 f( i ,j) 1 l . II .::1x 11 -H 

= C = 2σ/ /2ii. (2) 

Taking logarithm at both sides of the equation. we get 

logE[ 1 f( i + 血 ，j + .::1j) … f( i ,j) 1 ] 

ffiog 11 .::1x 11 = logC. (3) 

i and j are even numbers by using the fo l1oiwng equa­

t lOn , 

月 i ,j) = 士 if( i - 1.j … 1) + f( i + 1 ,j - 1 ) 

+ f( i - 1 ,j + 1) + f (i + 1 ,j + 1 ) f 

+厅丁于阿 II .::1x 11 Hσ .Gαuss ( ). (4) 

Then we can compute the digital elevation f( i ,j) such 

that only one of i and j is an odd numbers by equation: 

f( i ,j) =士f( i.j - 1) + f( i 川，j)

+ f( i … 1 ,j) + f( i ,j + 1 ) i 

+ 2 H 
2 J1工于πII .::1x 11 Hσ .Gαuss ( ) , (5 ) 

where. Gauss ( ) is a Gaussian random variable with N 

(0 , 1) distribution. Iterating equations (4) and (5) , 

we can get the DEM with certain quality. 

The position of f( 川剧，] +句 can be chosen by 

the method presented in reference [3 ] and [4 J. In 

order to simplify the calculation of practical applica­

tions , we can use Street Distance ( II .::1x 11 = l .::1i 1 + 1 

.::1j 1 ) or Chessboard Distance ( II .::1x 11 口 max l .::1i 1 • l .::1j 

1 ) to determi 

2 The method of deten时ning 刷刷刷刷盼

A lower limit II .::1x 11 nlln and an upper limit II .::1x 

11 川 alw副ys exist in natur副1 fractal , and can be 

des川ibed by scaleless range or unchanged scale range. 

Fractalness only exists in scaleless range. 50 we can 

make fractal analysis only in scaleless range , otherwi日e

we cannot get the exact fractal characteristic p町部neters.

The traditional method to determine the scaleless 

According to the least 叫uare method , H and C (orσ) can range is to draw the data points to be fitted in a plane , 

be computed by fitting me由od in fractal scaleless range. and then find the certain linear sections by human eye. 

Provided i and j are odd numbers , the digital ele- Then according to the scaleless range , fractal parame-

、'ation f( i ,j) has already been determined. First , we ters can be computed. This method , which obviously 

can compute the digital elevation f( i ,j) such that both lacks objectivity , is inconvenient for the auto … model-

Fig. 2 The original DEM Fig. 3 Th.. sampl..d DEM 
图 2 服始。瓦M 阳 3 抽样后的 DEM
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Fig．4 The linear interpolation DEM 

图4 线性插值后的DEM 

Fig．5 The fractal interpolation DEM 

图5 分形插值后的DEM 

Fig．6 The fractal DEM 

图6 分形 DEM 

Fig．7 Fhe tYaetal fitting 

图7 分形拟合 

ing analysis of DEM ，because repeated man—machine 

interactiveness is needed to determine the SCalelee 

range． So far， few researches have concerned the 

scaleless range．Currently the basic arithmetic of the 

nl0st popular method in application is presented in ref- 

erence[4]，Il Ax II = II△ II +n 一1，where 

n =min{n I， 1<， &， >，n+1；凡≥4} 

1= 
瓦 

肛20"4-／．t02 

and ，(0≤i，．『≤2；i+ =2)represents variances and 

covariance．or the second—order central moments of a 

set of points in a plane．The arithmetic is complicated 

and the amount of computation is huge， 

Reference f 6]has put forward a three-line method 

to compute the fractal dimension for CDP record，but 

cannot analvze the complex terrain correctly． In the 

following．we will propose a linear—polynomial meth- 

od．which can perform  a precise analysis to the real 

terrain． ’ 

According to Equation(3)，the data points can be 

fitted as x ， )，(i=1，2，⋯，n)．Figure 1 shows the 

p0int sets(X，Y)in a plane of fractal plots，where X 

： log II Il，Y=log(Elaf( )1)．These points are 

alwavs divided into two parts：linear and non-linear 

Darts．Based on reference[1]and[4]，we let 

lI Ax llIf1 =1(unit length)，and assume that[1，n ] 

(1<n ≤n)is the scaleless range which we want to 

determine．According to the fractal features，we can fit 

these points by using linear and non——linear arithmetic 

respectively． 

a)Linear fitting(1≤ ≤n )：by assuming a line 

r=(zu+b．and fitting the line，the error square sum 

is． 

6。(n )=∑(ax +b—Yi) (6) 
： l 

b)Non—linear fitting(n ≤ ≤n)：Theoretically， 

we can use a high．order polynomial to fit the non‘linear 

part．Assume a polynomial (M，m)，where m is 

the polynomial order． By fitting it，the error square 

sum iS： 

61(n ，m)=∑( ( ，m)一Yi) (7) 
i： 

The bigger m is，the smaller 62 is．If m increases， 

the non．1inear parts will increase． Correspondingly， 
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machine ing analysis of DEM , because repeated man 

Înteractiveness is needed to determine the scalelee 
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the rangc. 50 far , 

scaleless range. Currently the basic arithmetic of the 

most popular method in application is presented in ref­

erc时c [4] , lI.âx 11 m刷工 11 .âx 11 min + n * - 1 , where 

min I n I 1"_1 < 1" & 1" > 1"+I;n 声 4:

researches have concerned few 
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μ20 +μ02 

and μ'1 (0 延 i ，j 运 2 ; i + j 2) represents variances and 

covariance , or the second-order central moments of a 

sct of points in a plane. The arithmetic is 盯omplicated

and the amount of computation is huge. 

Reference [ 6] has put forward a three-line method 

to compute the fractal dimension for CDP record , but 

cannot analyze the complex terrain correctly. In the 

fo l\owing , we will propose a linear - polynomial meth­

od. which can perform a precise analysis to the real 

tcrram. 
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Fig.4 Th!' lin t'ar inl<:>rpolation DEM 
因 4 线性描值后的 DEM

Th<:> fractal inl t;>rpolation DEM 
分形插债暗的 DEM

Fig.5 
因 5

Accordíng to Equation( 3) , the data points can be 

fittcd 制 (x"y，)， (i::l 、1 …、 n). Figure 1 shows the 

point 附ts (X 、 Y) in a plane of fractal plot且. where X 

:: log 11 .âx 11 ' Y :: log ( E l .âf( x) I ). These points are 

always divided ínto two parts: linear and non-linear 

parts. Based on refere时e [ 1 J and [4] , we 

11 .âx 11 """ :: 1 (unit length) , and assume that [1 ,n • ] 

( 1 < n • 黑::; n) is the scaleless range whích we want to 

detcrmine. According to the fractal features , we can fit 

thcsc points by using linear and non 一Iinear arithmetic 

rC5pectively. 

也) Linear fitting ( 1 延 í ~ n • ) : by assuming a line 

1' ::αu+b 、 and fitting the \ine , the error square sum 

let 

Th<:> fractal DEM 
分形 DEM

Fig.6 
阁 6

6 

Y 

IS: 

:三 (αx ， + b - )'J 2 

b) Non幽linear fitting (n * 实 i~三 n) ; Theoretically , 

wc can use a high唰order polynomial to fit the nor卜linear

part. Assume a polynomìal v 口 ψ( u , m ), where m is 

the polynomial order. By fittíng it , the error square 

sum IS: 

(6) δI (n • ) 

5 

4 

2 

3 

L. (cp( 矶， m) - Yi) 2 

Thc big附r m is. the smaller 82 is. If m increases , 

thc non-linear parts wil\ increase. Correspondingly , 

(7 ) δ、(川、 ， m)
2.5 2 1.5 0.5 

Th<:> fractal fttting 
5于形拟合

。
。

Fig.7 
因 7
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the linear parts will decrease．in which the fractal law 

is submitted very strictly．In practice，this paper limits 

m to a range of[1，3]． 

According to equations(6)and(7)，all error 

square sums are： 

(n ，m)= l(n )+ (n ，m) (8) 

Giving m．n can be computed by 

n =max{n I arg rain( (n ，m))}． (9) 

n maybe have several values different from m． The 

bigger n is，the bigger the linear parts are，and the 

smaller the non—linear parts are． Choosing the maxi— 

mum value from all n ，the fractal plots are the widest 

fractal scaleless range．Using the computed results，we 

can evaluate the statistical fractalness of the DEM with— 

in a range of scaleless[1，n ]． 

3 Results 

Figure 2 is a real DEM in Three～Gores，China， 

and lI△训 =l1 lIn1． =20m，f(i， ) =97．0m， 

i√) =245．1m．Figure 3 is the 1／2 sampled DEM 

of Figure 2．Figu re 4 is the result of Figu re 3 by using 

linear interpolation and Figure 5 is the result of Figure 

3 by using fractal interpolation． 

Table 1 shows the values of H and or from Figure 

2 to Figure 5 by using our method．Table 2 shows the 

values of H and or from Figure 2 to Figure 5 by using 

paper l4 J． 

From table 1 and table 2，the errors of H and or 

between the original DEM and the interpolation DEM 

by our method are less than those of ref．[4]§method． 

And the results show that the DEM after reconstruction 

by linear interpolation is much smoother than that by 

fractal interpolation，which cannot reflect the natural 

terrain detai】character． 

Table 1 The values of H and o-from figure 2 to figure 5 

by using our method 

表1 用本文方法计算 DEM(从图2到图5l的日和 值 

Table 2 The values of H and o-from figure 2 to figure 5 

by using paper[2]method 

表2 用文献[2]计算DEM(从图2到图5l的日和 值 

Figu re 6 is a DEM with fractal feature．Figure 7 

gives the comparisons of analyzing the fractal scaleless 

range by using our and ref．[4]’s method．The re— 

suits show that ref． 『4]’s method extends the scale— 

less range，while our method limits the fractal scaleless 

range in the line part．In our method，the scaleless 

range is[1，21]，the fitting coefficient and errors are 

0．9991 and 0．0138．In ref．『4]’s method，the 

scalelee range is[1，30]，the fitting coefficient and e卜 

rors are 0．9907 and 0．1876． 

4 Conclusion 

We have presented a new scheme to determine 

fractal scaleless range．By using the Linear—Polynomial 

method in this paper，we can more statistically analyze 

the real complex terrain．Our experimental results show 

that this new method can reflect the terrain texture lea— 

ture．and the arithmetic is simple and efficient． 
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the linear parts will decrease , in which the fractal law 

is submitted very strictly. ln practice. this paper limits 

m to a range of [1 ,3 ] . 

According to equations (6) and (7) , all error 

叫uare sums are: 

8 ( n' ,m) = 8 1 ( n *) + 82 ( n' ,m) (8) 

Giving m ， n 事 can be computed by 

n 事口 max In * I arg min (8 ( n \ m))f. (9) 

n' maybe have several values different from m. The 

bi民ger n' is , the bigger the linear parts are , and the 

smaller the non-linear parts are. Choosing the maxi幡

mum value from all n' , the fractal plots are the widest 

fractal scaleless range. Using the computed results , we 

can evaluate the statistical fractalness of the DEM with幡

in a range of scaleless [1 ,n * J. 

3 Results 

Fi凯lre 2 is a real DEM in Three也Gores ， China. 

and 1川1 .1刷i 11 min 

f(υi七，ρ 阳川鬼 =245 ，嗣. 1 m. Figure 3 is the 112 sampled DEM 

of Fi伊re 2. Fi伊re 4 is the result of Figure 3 by using 

linear interpolation and Figure 5 is the result of Figure 

3 by using fractal interpolation. 

Table 1 shows the values of H and σfrom Figure 

2 to Figure 5 by using our method 嗣 Table 2 shows the 

values of H and σfrom Figure 2 to Figure 5 by using 

paper [4]. 

From table 1 and table 2. the errors of H and σ 

between the original DEM and the interpolation DEM 

by our method are less than those of ref. [ 4 ] s method. 

And the results show that the DEM after reconstruction 

by linear interpolation is much smoother than that by 

fractal interpolation , which cannot reflect the natural 

terrain detail characler. 

Table 1 The values of H andσfrom tigure 2 to tigure S 
by using our method 

表 1 周本文方法计算 DEM( 从阁 2 到圈们的 H 和 σ值

Origin DEM 出rnple DEM Frarlallnlerpolalion DEM Lìnear Interpolalion DEM 
(n 刷 =13) (n' =7) (n' =13) (n' 13) 

H 0, 7976 0, 7841 0.8034( +0 ω如 0 ， 8285( +0.03仰)

σ5 佛45 8.9133 4.8843(-0.2/02) 4, 7819(-0.3/26) 

Table 2 The values of H andσfrom tigure 2 to figure S 
by using paper [ 2] method 

裴 2 周文献 [2] 计算 DEM( 从图 2 到圈 S) 的 H 和 σ值

ωìgin DEM Sample DEM Frartallnlerpolalion DEM Lìnear Inlerpolali帕 DEM

(n' = 14) (n ' = 7) (n ' = 14) (n' = 14) 

H 0.8031 、 7841 、 81孤(+0 ， 0/05) 0, 8414( +0 ， ω83) 

σ5， 1201 8.9133 4. 8280 ( -0.2921) 4.7124( 帽。ω 4()77)

Figure 6 is a DEM with fractal feature. Figure 7 

gives the comparisons of analyzing the fractal scaleless 

range by usi吨 our and ref. [4 ] ' s method. The re­

sults show that ref. [4 ] ' s method extends the scale唰

less range , while our method limits the fractal scaleless 

range in the line part. In our method , the scaleless 

range is [1 ,21 ] , the fitting coefficient and errors are 

O. 9991 and O. 0138. In ref. [4]' s method , the 

scalelee range is [ 1 ,30] , the fitting coefficient and er­

rors are O. 9907 and 0 嗣 1876.

4 Conciusion 

We have presented a new scheme to determine 

fractal scaleless range. By using the Linear-Polynomial 

method in this paper , we can more statistically analyze 

the real complex terrain. Our experimental results show 

that this new method can reflect the terrain texture fe命

ture. and the arithmetic is simple and efficient. 
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