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摘要：推导了非线性光学Ⅱ类参量下转换(SPDC)产生的孪生光子环方程，分析了该共轭环的图象变化，讨论了由双光子态产 

生的一些有意义的特性，描述了从晶体射出的孪生光子环的几何光学现象，证实了产生高效孪生光子束的条件． 
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Introduction 

Experiments with entangled photon pairs，which 

are created by electron--positron annihilation and in a．． 

tomic cascade decays，have opened a new field of re— 

search due to the entangled photon that allows a dis— 

tinctive comparison of various concepts of quantum me— 

chanics．Recently，parametric fluorescence (down 

conversion)in nonlinear optical crystals，as the source 

of entangled photon pairs．_l’2]was f0und to lead to a 

dramatic increase in the count rate、This has enabled a 

variety of experiments in the ~undations of quantum 
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摘要:推导了非线性光学 H 类参量下转换( SPDC) 产生的孪生光子环方程，分析了该共辄环的图象变化，讨论了由双光子态产
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Introduction 

Experiments with entangled photon pairs , which 

are created by electron-positron annihilation and in a­

tomic cascade decays , have opened a new field of re­

search due to the entangled photon that allows a dis-
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mechanics and the realization of new concepts for 

quantum information 3l4]
． such as quantum cryptogra． 

phy ，dense coding ，and telePortation【7J．Howev． 

er，the experiments and potential application are limit． 

ed due to the low yield of fluorescence process．One of 

the main reasons for the small bit rates during the ex． 

periments is attributed to the radiation from the crystal 

photon pairs spreading a wide region．It is difficult to 

utilize all the photon pairs． In addition
，
the intensity 

distribution of the photons selected by an iris is not 

symmetrical，which causes further difficuhies in the 

experiments． 

In this article，we present a theoretical analysis of 

the image of type-I1 down—converted twin photon con． 

jugate circles．The aim is to understand the character． 

istic of type—II SPDC，optimize collection efficiency， 

and enhance the available rate of polarization-entangled 

photon paris． 

1 Type-II parametric down-conversion 

In type一1／parametric fluorescence．a pump pho． 

ton with energy htoP is converted in a nonlinear optical 

crystal into two orthogonally polarized photons
，
i．e． 

signal and idler，obeying the laws of energy and mo． 

mentum conservations． To lead to polarization—entan． 

gled photon pairs，the phase—matching condition is sat． 

isfied，namely 

p= + o，kp = k +k。． (1) 

Here，03,denotes angular frequency
， k is the wave． 

number vector，and subscripts P，o
， and e indicate the 

pump laser light and fluorescence photons with ordinary 

and extraordinary polarization，respectively． 

Although the phase matching equations can be 

solved numerically，it is rtlore helpful to look for ap． 

ke l【0 

Z 

Fig— Collinear perfect phase matching：OA
． optic axis 

0f the crysta1．1ies in the x—z plane 

图l 共线完全相位匹配：晶体光轴 0A在x．z平面 

proximate solutions， which lead to a clearer physics 

picture． The approximation is based on two facts
． 

First，most experiments were carried out for samll an． 

gles between the down．converted optical beams direc． 

tion and the normal direction of output face of the crys． 

tal，so that J Kl《∞／c，K is the component of the wave 

vector parallel to the output face of the crysta1． Sec． 

ond，the range of frequencies reaching each detector
， 

Aw，is limited．so that Ato<<to． 

A monochromatic plane wave of the pump beam is 

assumed to travel along the z．axis and the crystal is cut 

to meet collinear down—conversion perfect phase matc． 

hing condition(Fig．1)，which are expressed as follows 

+ = ，( + ) = ， (2) 

where 

=  

n ( ， ) 
C ，

K
。

=  

n0(Oo)2o 

C 

is the angle between the z-axis and optic axis in 

the x‘z plane，namely the phase matching angle
． And 

1 COS A 

ne( ， ) 一／2
o

( ) (4) 

where n
。( )and n ( )are the principal indices of 

refraction．In the case of the noncollinear(Fig．2)．we 

have 

to
e
+ 

。 (5) 

K + K
。

= 0， (6) 

where．K~(／3=e or o1 is the component of the wave 

vector parallel to the output face of the crysta1
． The z 

component of the two wave vectors for a photon with 

polarization is 

= ~／ 一 2． (7) 
To calculate phase mismatching△ =k 一k 一k

。 ，
let 

y 

Fig．2 The e ray and the o ray lie in the same plane which 

angles with respect to x—z plane
． The K,(／3=e or o)are 

the transverse components of wave vector
，
and 0 is the angle 

between k and the optic axis of the crystal 

图2 e光和。光在同一平面并与x．z面成西 角， (／3： 

e或 o)是波矢的横向分量，0是 k 与晶体光轴的夹角 

A 一2 

n 一(  

s — 
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mechanics and the realization of new concepts for 

quantum information[3 .4 J , such as quantum crγptogra­

phy[5] , dense coding[b] . and teleportation[ 7]. Howev­

er , the experiments and potential application are limit­

ed due tu the low yield of fluorescence process. One of 

the main reasons for the small bit rates during the ex­

periments is attributed to the radiation from the crystal 

photon pairs spreading a wide region. It is difficult to 

utilize all the photon pairs. In addition , the intensity 

distribution of the photons selected by an iris is not 

symmetrical , which causes further difficulties in the 

expenments. 

In this article , we present a theoretical analysis of 

the image of type- II down-converted twin photon con­

jugate circles. The aim is to understand the character­

istic of type- II SPDC , optimize collection efficiency , 

and enhance the available rate of polarization-entangled 

photon paris. 

1 Type- 11 parametric down-conversion 

In type- II parametric fluorescence , a pump pho­

ton with energy ñωp is converted in a nonlinear optical 

crystal into two orthogonally polarized photons , i. e. 

signal and idler , obeying the laws of energy and mo­

mentum conservations. To lead to polarization-entan­

gled photon pairs , the phase-matching condition is sat­

isfied , namely 

ωω， +ω。 ， kp = k, + k". (1) 

Here ， ωdenotes angular frequency , k is the wave­

number vector , and subscripts p , 0 , and e indicate the 

pump laser light and fluorescence photons with ordinarγ 

and extraordinarγpolarization ， respectively. 

Although the phase matching equations can be 

solved numerically , it is more helpful to look for ap-
X 

OA 

"'OA 

L 
Z 

k., k., -
Fig. 1 Collinear perfect phase matching: OA. optic axis 
of the crystal , lies in the x-z plane 
图 l 共线完全相位匹配:晶体光袖 OA 在 x-z 平面

proximate solutions , which lead to a clearer physics 

picture. The approximation is based on two facts. 

First , most experiments were carried out for samll an­

gles between the down-converted optical beams direc­

tion and the nomlal direction of output face of the crys­

tal , so that I K I <建立ω/c , K is the component of the wave 

vector para]]el to the output face of the crγstal. Sec­

ond , the range of frequencies reaching each detector , 

Aω ， is limit时， so that Âω〈ω.

A monochromatic plane wave of the pump beam is 

assumed to travel along the z-axis and the crγstal is cut 

to meet collinear down-conversion perfect phase matc­

hing condition ( Fig. 1 ) , which are expressed as follows 
A 

fl, + βρ=ωp' (K, + KJ ë. = kp ë z , ( 2 ) 
where 

K n，(歧， ψυ4 )fl， nn( β )fl 
俨血。=上→~ (3) 

C r 

0/0.4 is the angle between the z-axis and optic axis in 

the x-z plane , namely the phase matching angle. And 

l cotvtY48in2qrtM 

n，( 歧， ψυ4)2njil)2+nr(Oe)2' (4) 

where n" ( fl,) and n, ( fl,) are the principal indices of 

refraction. In the case of the noncollinear( Fig. 2) , we 

have 

úJ, + úJ o = úJp 

K, +Ko=O 

(5) 

(6) 

where , Kβ(β = e or 0) is the component of the wave 

vector parallel to the output face of the crystal. The z 

component of the two wave vectors for a photon with 

polarizationβIS 

kßz 禹哥 (7) 

To calculate phase mismatching ~ = k
pz 

- k,z - k町， let 

φ ↑X../~~8 
.. ' k, 

1JI. 

Z 

y 
KO ko 

Fig. 2 The e ray anrl the 0 ray lie in the same plane which 
angles φ， with respect to x-z plane. The Kβ(卢 = e or 0) are 

the transverse components of wave vector , andθis the angle 
between k, and the opti(' axis of the crystal 

图 2 e 光和 o 光在同一平面并与 x-z 面成 cþ， 角 .Kβ(β=
，或 0)是j皮矢的横向分量 J) 是 k，与晶体光轴的夹角
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03口 + ／J口， 

where，I I《  ，because the detectors collect output 

lights in a very narrow band of frequencies in most ex— 

perlments． 

For a typical experiment，the detectors are located 

in long distance away from the crystal and in a small 

angle with respect to the pump axis，so that the paraxi— 

al approximation is valid．Hence，Eq．(7)can be ap— 

proximately expressed as series form： 

=  ( )一 +以· 

By neglecting the higher than secon 

。

=  

( = ， 

03。n。(og ) 

C 

=

‘ ke Oke
一 ～

Ke,

k 一+等sin ． 一～ez)COSltfOA+ (18) 
Substituting Eq．(16)into Eq．(18)，we obtain for K 

= 0 

sin = [Ⅳ(COSO--乏c。s ̈)一sin O0， 

here 

(19) 

Ⅳ = 一 1 2

2 (高 一 a 一～⋯ n：( ) 
(9) l 

d。rder tern1s．and e2(De) 

(no+12。)n。( 。) 

C 

+ ， 

U 

where 。is the group velocity of the o—ray evaluated at 

n 

l 

。 

d J'~o／'t (no) 

dDo c 

For the o—ray，we have 

(12) 

=  ～
。

一  

Ko

≈  + 

1．1o
一  

Ko

- (13) 

For the e．ray，the index of refraction varies with 

the direction of wave vector．Using o3 and K as inde— 

pendent variables and referring to Fig．2，we obtain 

：  

l 

U 

— d_ 
a 。、 

1

一+Je oke 一麦22K， aK 

n ( ， ) 

C 

(14) 

(15) 

where u is the group velocity of e—ray at ．From Eq 

(10)，we obtain 

aK C 

On (o3 ，0) 

aK 

03 O0 On (o3 ，0) 
= 一 ． 

c 0K 00 

Considering the projection of on the optic axis，we 

k．cos0=k~cos +K c。s( 一 ) (17) 

Differentiating both sides of Eq．(1 7)with respect to 

K ，we obtain 

Oke
c。s s n 

O0
=  

Okez
cos +警sin 

)sin(2 )． (20) 

In Eq．(19)r=x or y，for K ：0，o3 n ，0 M， 

，Eq．(19)reduces to 

—

OKer m ‘ 

Substituting Eq．(21)into Eq．(16)，we get 

a On ( ，0)O0 
e 

—  

e 

： keN( K + Key) 
dKex 0K 

：一 Ⅳ ． ： 一ⅣK ， 
K 

+ 麦， 

(21) 

(22) 

(23) 

From Eq．(2)，(5)and(8)， 。=一 ； 一 ．Using 

Eq．(6)，(13)and(23)，we obtain 

A = k pz—k ez—k z= kp—kez—k oz 

= K +Ko—k e：一k z 

一  +去( 
where 

1
：  
1(1

一

+ )， D：～1
一

一

1
．  + ’' — 。 

(24) 

(25) 

For perfect phase matching condition△=0．and a 
K 

Fig．3 Schematic of two sets of conjugate rings for type一1I 
parametric down—conversion(N(O ．The circle correspond— 

ing to 
。
are tangent to the K axis． 

图3 两组Ⅱ类参量下转换共轭环的示意图(N<0)．当 
：  

。 时，两圆环切于K 轴 
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úJa = J la + V β ""ß β' 
(8 ) 

where , I V ß I .，g;::鸣， because the detectors collect output 

lights in a verγnarrow band of frequencies in most ex­

penments. 

For a typical experiment , the detectors are located 

in long distance away from the crystal and in a small 

angle with respect to the pump axis , so that the paraxi­

al approximation is valid. Hence , Eq. (7) can be ap­

proximately expressed as series fonn: 

k 咿 = kβ(ω)--fL一 +A
2kß ( ω) 

(9) 

By neglecting the higher than second order tenns , and 

)RnR( ωR) 
kR (ωR) = 互五二E...:..- (10) 

c 

k ω"n，，( ω。 ο。 + V" ) n" (ω。)盯 Vo
=一二-一二」一= 一-一 K +----'-. 

c c Uυ 

(1 1 ) 

where Uo is the group velocity of the o-ray evaluated at 

Do' 
d fl"n ,, (flú ) 

U o dfl" c 
(1 2) 

For the o-ray , we have 

片亏一一一--;;- K. V" 
k =~ k; - K; zk --L zk +二二 -二~ (13) 

‘ 2Ko υUú 2K, 

For the e-ray , the index of refraction varies with 

the direction of wave vector. Using ωe and Ke as inde­

pendent variables and referring to Fig. 2 , we obtain 

rτ?一→一一丁 v. ak. K: 
kez = 、 k; (ωp ，。)-K;zk+ 」 +711--L

y"e 飞 Ue aKe "e 2Ke ' 

a fflene(fle' ψOA ) 、
Ue δfle 、 C 川

( 14) 

(15 ) 

where U e is the group velocity of e-ray at fle' From Eq. 

( 10) , we obtain 

ak, ωe ane (ωe ， ())ωe a() ane (ωe ,()) 
(1 6 ) 

δKe C δKe c aKe δθ 

Considering the projection of ke on the optic axis , we 

get 

ι仲川CωOS() = ι阳川cωOωs呻守0ω'A + K飞e川s(? -ψ叽吼例川4) . 口

Differentiating both s剖ides of Eq. ( 17) with respect to 

Ke , we obtain 

ake ,. ^ a() akez 
一二cosθ- k.sinθ一一-cosψ+~卫smψ〓
a~ a~ a~ a~ 

k. ak 、
= (二一二-二) eosψOA + 二与lnψ川·

kι aKe k白。Ke
(1 8 ) 

Substituting Eq. ( 16) into Eq. ( 18) , we obtain for K, 

=0 

"e aθ δrx sinψ04 = ke [N ( cosf} - -2-cosψ山) - sin()J 了一，
~~ OK" 

(19) 
here 

aln[ n 一 (flp ， ψ~)I ) ] 
N= →二→L二一一一←=二n:( 血，叽.)(气→一一-

。ψ04 2"e\.-e'~'H'\n~(fle) 

τ 一)sin(2 1ft，，，) • n: (叫)川 (20) 

In Eq. ( 19 ) r = X or .y, for Ke = 0 ， ω p =D e ,() ψ0.4 , 

ke=kez=Ke , Eq. (19) reduces to 

δ。
一一 =-8" ,> (21) aK" " Ke 

Substituting Eq. (21 ) into Eq. ( 16) , we get 

akp ωpδn ， (ωp 哩。)δ。

aK … c a8 aK … 

。θ0θ
= k,N( ,V • Ke., +了二K" ) 

。 K" dK们

= - kpN' 些立= - NK凹'
Kp 

(22) 

kez = Ke + 生 - K..N 一旦 (23 ) "'e,' 2Ke 

From Eq. (2) , (5) and (8) 'V
ú 

= - Vp 三 - v. Using 

Eq. (6) , ( 13) and (23) , we obtain 

.1 = k严 - kez - koz = kl> - kez - k时

= Ke + K" - kι -k 

N2K 1 , NK^ 
= vD - "A " + ~ (Kp + ←e.， γ ， 4 K \ --p 2 (24 ) 

where 

1, 1 L = ~(←+ T~- ), D 二-← (25 ) 
K 2 且 Kp' , U" Up 

For perfect phase matching condition .1 = 0 , and a 
Kx 

(/\\e-rays 

川 O 川

Fig. 3 Schematic of two sets of eonjugate 1'ings fo1' type- II 
parametri(' down-conversion ( N < 0). The 川rcle ('0口espond­

ing toωωοa1'e tangent to the K, axis. 

图 3 两组 E类参量 F转换共辄环的示意图 (N <0). 当

叽 =ω。时，两圆环切于 K，轴
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fixed ．Eq．(24)gives the circle equation for K in the 

，(p1ane．The center。f the circle is at一(一NK／2) ， 

and the radius equa1s to~／—N2K2／4—-vDK．When =O， 

the circle is tangent at the origin to the Ky axis(Fig． 

3)．The 0一rays make a complementary circle at—K ． 

2 Results and discussion 

For a negative birefringent crystal，D >0，N <0． 

For <0，as indicated in Eq．(8)，∞ decreases and 

∞ increases when I I increasing，which leads to an 

increase in the radii of the circle and overlap of the e— 

rav and 0．ray circles ．This situation can be realized 

by increasing A pair of conjugate circle inter- 

seets at points of the K axis．The distance between in— 

tersection points and the origin in the，(plane is，(= 

一  IDI—K．The center of the circle pair lies in the 

1O 

5 

— 10 

— 15 

15 

1O 

5 

—  

0 

． 5 

— 10 

— 15 

(a) 
． 
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●
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．

～

．  { ==：：：l 
， J 

●

●

● _ _

●

● ● 

／ 
／  

／  

plane of the optic axis and the pump wave vector．The 

e．ray lies in the half plane of positive K for negative 

N(n (∞)<n。( ))． 

For >0．increasing results in an increase of∞ 

and the decrease of∞。．The circle pair become small 

and separates each other．This situation can be realized 

by adjusting the crystal and reducing ． 

Outside the crystal，the angle between the wave 

vector and the 一axis，0r'is given by sin0 ：CK ／W ， 

here r=o or e．This means that the conjugate circles 

outside the crystal have different radii when ≠∞。． 

For a given crystal type， the curves of pump 

wavelength and、l，0A which are plots of the signal(e— 

ray)and idler(0一my)wavelengths A versus the crystal 

emission angles ot，can be approximately obtained from 

Eq．(1)，Snell s law and a lot of related parameters． 

For BBO crystal，the wavelength of the pump beam is 
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Fig．4 The tuning curves in which the dashed curve indicates the signal beam，and the solid curve indicates the idler 

beam．The insets are images of the parametric fluorescence：(a)collinear condition，xIr0 一49。(b)xIro 一48。(c) 0d≈ 

45．6。(d)condition for twin—beam generation，q*oa 47。 
．  

图4 调谐曲线，长划线表示信号光束，实线表示休闲光束，插图是参量荧光像：(a)共线条件， OA=49。(b) 

48。(C) ∞=45．6。(d) ∞=47。 
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fixed v , Eq. (24) gives the circle eqllation for K, in the 

K plane. The center of the circle is at - (NKl2) 乱，

and the radills eqllals to I N2 K2 /4 - vDK. When v = 0 , 

the circle is tangent at the origin to the K , axis ( Fig. 

3). The o-rays make a complementaIγcircle at - K ,. 

2 Results and discussion 

For a negative birefringent CIγstal ， D >O ,N <0. 

For v < 0 , as indicated in Eq. (8) ， ω， decreases and 

ω。 increases when I v I increasing , which leads to an 

increase in the radii of the circle and overlap of the e­

ray and o-ray circles[8 J • This sitllation can be realized 

by increasing ψVA [9J A pair of conjllgate circle inter­

sects at points of the K , axis. The distance between in­

tersection points and the origin in the K plane is K = 

J写IDI主. The center of the circle pair lies in the 
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plane of the optic axis and the pllmp wave vector. The 

e-ray lies in the half plane of positive Kx for negative 

N(n，( ω) < no ( ω) ). 

For v > 0 , increasing v reslllts in an increase ofωp 

and the decrease ofω。. The circle pair become small 

and separates each other. This sitllation can be realized 

by adjllsting the CIγstal and redllcing ψVA' 

Olltside the CIγstal ， the angle between the wave 

vector and the z-axis , 0" is given by sinO, = CK/ω" 

here r = 0 or e. This means that the conjllgate circles 

olltside the CIγstal have different radii when ωp 乒ω。.

For a given crystal type , the cllrves of pllmp 

wavelength andψ04 which are plots of the signal ( e­

ray) and idler( o-ray) wavelengths λverslls the CIγstal 

emission angles α ， can be approximately obtained from 

Eq. (1 ), Snell' s law and a lot of related parameters. 

For BBO crystal , the wavelength of the pllmp beam is 
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Fig. 4 The tuning curves in which the dashed curve indicates the signal beam , and the solid curve indieates the idler 
beam. The insets are images of the parametric fluorescence: ( a) collinear condition , '1' VA = 49 0 (b) 中山 =480 (c) 甲fH~

45.60 (d) condition for twin-beam generation ，中OA =47。

图 4 调谐曲线，长划线表示信号光束，实线表示休闲光束，插图是参量荧光像: (a) 共线条件 ， 'I' ''A =49 0 (b) 'I' ''A = 

48 0 (c) 'I'oA=45.60 (d) 'I'OA=47 。
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35 1 nm．The curves ot various cases are shown in Fig． 

4，where the optic axis，kp，k ，k。all lie in the same 

plane． 

Figure 4(a)shows the case of collinear condi— 

tion， 49。，in which the signal and idler photon 

travel collinearly with the degenerate wavelength of 

702nm．The inset shows an image of the emitted twin 

photons at 702nm when one is facing the crystal to ob— 

serve．These twin photons are emitted into two cones 

that touch in the pump—beam direction．This condition 

has been widely used in experiment．However，here 

only a small portion of the whole ensemble of emitted 

photons is utilized． 

When q'OA is decreased，these two curves separate 

each other；the circles shrink and move away gradually 

[Fig．4(b)]．When q'oA>47。，the circles vanish and 

no photons are emitted，which is shown in Fig．4(c)． 

When q'OA is about 47。，the two curves are tangent to 

the line at the wavelength of 702nm．Twin photons will 

be emitted into two small spots，and beamlike twin 

photons are generated[Fig．4(d)]．In this case， 

high·efficiency entangled photon pair collection for 

type一1I parametric fluorescence can be realized and a 

high single—-cuton rate and a high coincidence—-count 

rate per unit of pump power can be observed in the ex— 

periment． 

3 Conclusion 

In summary，we have presented a theoretical anal— 

ysis on the twin photon pairs generated in type—-1I SP—- 

DC．A detailed discussion of phase matching has al— 

lowed us to describe the physical phenomena of the 

beautiful colored rings that can be photographed emer— 

ging from the down—conversion crystal l ．The genera— 

tion condition of beamlike twin photon has been dem— 

onstrated．We expect that the results will have poten— 

tial application in experiments of high—-efficiency collec·- 

tion entangled photon pairs created in a type一1I SPDC， 

so that strong sources for polarization entangled photon 

will be produced． 
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351 nm. The curves of various cases are shown in Fig. 

4 , where the optic axis , kp ' ke , ko all lie in the same 

plane. 

Figure 4 ( a) shows the case of collinear condi­

tion ， ψ'OA =49 0 , in which the signal and idler photon 

travel collinearly with the degenerate wavelength of 

702nm. The inset shows an image of the emitted twin 

photons at 702nm when one is facing the crystal to ob­

serve. These twin photons are emitted into two cones 

that touch in the pump-beam direction. This condition 

has been widely used in experiment. However , here 

only a small portion of the whole ensemble of emitted 

photons is utilized. 

When ψ'OA is decreased , these two curves separate 

each other j the circles shrink and move away gradually 

[ Fig. 4 ( b) ]. When ψ'OA > 47 0 , the circles vanish and 

no photons are emitted , which is shown in Fig. 4 ( c) . 

When ψ'OA is about 47 0 , the two curves are tangent to 

the line at the wavelength of 702nm. Twin photons will 

be emitted into two small spots , and beamlike twin 

photons are generated [Fig. 4 ( d ) ]. In this case , 

high-efficiency entangled photon pair collection for 

type- 11 parametric fluorescence can be realized and a 

high single-cuton rate and a high coincidence-count 

rate per unit of pump power can be observed in the ex­

penment. 

3 Conclusion 

In summary , we have presented a theoretical anal­

ysis on the twin photon pairs generated in type- 11 SP­

DC. A detailed discussion of phase matching has al-

lowed us to describe the physical phenomena of the 

beautiful colored rings that can be photographed emer­

ging from the down-conversÎon crystal[8J. The genera­

tion condition of beamlike twin photon has been dem­

onstrated. We expect that the results will have poten­

tial application in experiments of high-efficiency collec­

tion entangled photon pairs created in a type- 11 SPDC , 

so that strong sources for polarization entangled photon 

will be produced. 
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