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The sensitivity of mirrored aperture synthesis millimeter-wave radiometry
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Abstract: Mirrored aperture synthesis (MAS) has been proposed to utilize a few antennas to provide high spatial
resolution for Earth remote sensing. But the sensitivity of MAS is not completely analyzed. For this problem, the
characteristic of the noise in 2-D MAS is derived. Further, both the sensitivity of 1-D and 2-D MAS are analyzed.

Numerical simulations are carried out to evaluate the sensitivity of a MAS system, and comparisons between the

sensitivity of MAS and traditional aperture synthesis are made.
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Introduction

At present, passive millimeter-wave aperture syn-
thesis radiometer is considered an atmospheric remote
sensing technique from geostationary orbit''?'. But for a
large aperture synthesis radiometer, it is always com-
posed of large numbers of antennas, receivers, and corr-
elators. The system is very complicated and difficult to
be implemented. Thus how to reduce the system com-
plexity is of great importance. And in Refs. [3-4 ], mir-
rored aperture synthesis ( MAS) was proposed. It is
based on a new system model with the combination of the
two-element interferometers and Lloyd’ s mirror interfer-
ometers. Compared with traditional aperture synthesis,
MAS can utilize an array with fewer elements to provide
high spatial resolution for Earth remote sensing.

Some work has been done for MAS. The concept of
1-D and that of 2-D MAS were presented in Refs. [ 34 ]
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respectively. The proper antenna array for MAS was dis-
cussed in Refs. [5-6]. And the experiment system for
MAS was introduced in Refs. [7]. But up to now, the
sensitivity of 1-D MAS was only briefly derived in Refs.
[3]. There were no further discussion about the ideal
sensitivity and the actual sensitivity, no simulation for
the sensitivity, and no comparison between the 1-D MAS
and 1-D traditional aperture synthesis. The sensitivity of
2-D MAS has not been studied at all.

This paper is dedicated to the sensitivity of MAS.
First, the principle of MAS is briefly introduced. Then,
the derivations for the variance and the covariance of the
cross-correlations between the signals collected by pairs
of antennas are presented, especially for the 2-D case.
Based on it, the covariance of the cosine visibility and
that of reconstructed brightness temperature are derived,
and the sensitivity under ideal case is discussed. Final-
ly, in order to make detail comparisons, numerical simu-
lations for the sensitivity of aperture synthesis and MAS
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are carried out.
1 Fundamentals of MAS

For MAS and aperture synthesis, a pair of antennas
forms an interferometer, and the cross-correlation be-
tween the signals collected by antennas is the basic meas-
urement. For 1-D MAS, the cross-correlation is"*

= (bi(t)bj(t)) = Cv(yj -y - CV(yj + ;)
- (1)
And for the 2-D MAS, the cross-correlation is"*

RL,' = Cv(x_,' %, -y) - CV(xj RIENS + )
- Cv(xj T X,y -y + Cl/(xj +x;,Y; +y:)
, (2)

where (x;, y,) and (x;, y,) are the normalized coordi-
nate of the two antennas with respect to wavelength A,
C,(v) and C,(u, v) are the 1-D cosine visibility and 2-
D cosine Visibility respectively given as

C,(v) = Zj 0(77) cos(ZTrm])dn

C,(u,v) _4Jf sz(f n)
, (3)

77
where (£,1) = (sinfcosg,sinfsing) are the directional

cosines, To(n)/ /1 -n> and Ty (&,m)/ V1 - -7

are the 1-D and 2-D modified brightness temperature
(BT) respectively, and (u, v) denotes the baseline
(‘spatial frequency) depending on the antenna position
difference.

One can obtain the corresponding equation similar to
Egs. 1-2 for each pair of elements in the array, and these
equations can be combined to form linear equation sets

expressed in matrix form. For example, for 2-D MAS,
one has
R, I -1 0 « 1 0 ¢y (0,1)
Ro | _ |0 & e e ] ] 602
: 0 i e :
Ris_1ys 0 - 1_ -1 C,(M,N)
R = P C,

, (4)
where S is the number of elements in the array, M and N
are the number of baselines along the two dimension re=
spectively. According to Eq. 2, each row in the matrix P
contains only four non-zero elements, where two elements
are with the value of 1, and other two elements are with
the value of -1. And the positions of the four non-zero el-
ements are determined by the corresponding indexes of
the four spatial frequencies in the vector C,.

The linear equations can be solved by Pseudo-in-
verse method or common regularized inversion methods,
such as Truncated Singular Value Decomposition ( TS-
VD) and Tikhonov regularization'®’ | to obtain the esti-
mation of the cosine visibilities. The solution can be gen-
erally written as follows

C, = AR . (5)

where the matrix A is determined by the matrix P and the
inversion method. Then by 1-D inverse cosine transform
or 2-D inverse cosine transform, the BT image can be re-

———_———cos (2mué) cosdédn

constructed. The inverse cosine transform can be written
as a malrix representation, given as

T =BC, ., (6)

where B is the corresponding 1-D or 2-D cosine transform
matrix.

2 The sensitivity of MAS

The cross-correlations are with noise because of the
finite integration time. The variance and the covariance
of the cross-correlations for 1-D MAS are derived in Ref.
[3]. The derivation process for 2-D MAS is shown in
Appendix (see (A.6) and (A.9)), which is similar to
that in Ref. [3]. And it is found that the expressions of
the variance and the covariance for 2-D MAS are the
same as those for 1-D MAS. The expressions are given as

N 2

(ARij) = ZBT(RiiRjj +Rij) (7)

1 ’
(ARg,‘ARu) = E(Rikle + Rilek)
where (AR?I») denotes the variance, (AR;AR,) denotes
the covariance, B is the bandwidth, and 7 is the integra-
tion time. Contrastively, the variance and the covariance

of the visibilities for aperture synthesis are'”’

(AV,AV; ) —V v,

i’

. 1 .
(AVijAVkl ) = BTTVM V,'z
The covariance matrix I';, on the_cross-correlations

for MAS can be defined by Eq. 7. Let I, denote the co-

variance matrix on the cosine visibilities,
obtained from Eq. 5, given as

(8)

and it can be

chzAFR(A)l , (9)
where the superscript T represents the matrix transpose.
Similarly, the covariance matrix on BT can be obtained
from Eq. 6 and Eq. 9, given as

[, =BT,B" =BAT(BA") .(10)

Each element in the diagonal of I'; is the variance of
the noise at each pixel. The standard derivation of the
noise, i.e. the square root of the variance, is the sensi-
tivity at each pixel.

Because the Eqs. 5,9-10 are all numeric, an analyt-
ic expression for the sensitivity is generally impossible.
But considering an extremely ideal case, the optimal sen-
sitivity of MAS can be derived as follows.

(a) According to Eq. 1 and considering the receiver
noise temperature T, R, can be expressed as

R, = C,(0) - Cy(2y,) + T, . (1)

Generally, the magnitude of cosine visibility at the
zero baseline is much greater than that at the long base-
line. Thus, R, can be approximate to

R, =~ Cy(0) +T, =T, - (12)
Similarly according to (2), for 2-D MAS:
R; = C,(0,0) + T, = T, . (13)

(b) When observing the Earth by millimeter-wave
instrument, the receiver noise temperature is always
high, and the cross-correlation is always small. Taking
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GeoSTAR for example, the cross-correlation is smaller

than 5K. So R.R. > > Rfj holds. And the covariance be-

ilvy
tween the cross-correlations is usually omitted, because it
is much smaller than the variance in Earth remote sens-
ing. Thus, Eq.7 can be simplified as

R,R, T
2 — ey sy
(AR) =~ B = 28r - (14

(AR;AR,) =0
Similarly for traditional aperture synthesis, the vari-
ance and the covariance of the visibilities can be simpli-

fied as
2

* TV)‘X
(AV,AV]) = Br . (15)

(AV;AV,) =0

I/Q demodulation is necessary in traditional aper-
ture synthesis while it is not needed in MAS. This is why
there is a factor of 2 in the denominator in Eq. 14 but
none in Eq. 15.

(¢) It is assumed that the linear equations relating
the cross-correlations and the cosine visibilities are well
posed, and the cosine visibilities are independent and
with the same variance. Then, according to Eq. 1, the

variance of cosine visibilities for 1-D MAS is
2

T:
(ACV2 (1)) :%(AR;) = - 6)

And according to (2), the variance for 2-D MAS is

I
(ACV(u,0)) = (AR} = g2 . (17)

Thus, under ideal case, the variance of the cosine
visibilities in Eq. 16 for 1-D MAS is a quarter of that in
Eq. 15 for 1-D aperture synthesis. And for 2-D MAS, the
variance of the cosine visibilities in Eq. 17 is one-eighth
of that for 2-D aperture synthesis.

(d) For aperture synthesis, the BT image is recon-
structed by Fourier transform from the visibility. Because
discrete Fourier transform preserves the second norm, the
total noise in the reconstructed BT image equals to the to-
tal noise in the visibility samples. Thus, the average
noise power of the BT image for aperture synthesis is"”’

2

1 Ty,
ATivg = ]\/77; ; ‘AT(m,n) ‘2 = FTNL ’ (18)

where |AT(m,n) |* denotes the noise power at pixel
(m,n), and N, is the number of the sampling frequen-
cies for aperture synthesis. Here, the root-mean square
(RMS) sensitivity is defined as the root square of the av-
erage noise power and denoted by ATy,s. Thus, for ap-
erture synthesis, the RMS sensitivity is:

, T
ATy = —2== /Ny - (19)
JBr

Deferent from the sensitivity at each pixel, the RMS
sensitivity is independent on the covariance between the
visibilities.

For MAS, the BT image is retrieved by inverse co-
sine transform from the cosine visibilities. And since the
cosine transform is a special case of the Fourier Trans-
form, the RMS sensitivity for MAS is similarly to Eq. 18.

For 1-D MAS.
Ny . (20)

/ T:vs
A T}{II)VIS = A Yivg = 2 «/Bi
T

For 2-D MAS:

TS S
AT?{I;IS = AT, = *

—— /Ny . (21
= e e 2D

where N, is the total number of the sampling frequencies
for MAS. Considering the same bandwidth, the same in-
tegration time, and the same number of the sampling fre-
quencies, the optimal sensitivity of 1-D MAS will be a
half of the sensitivity of 1-D aperture synthesis, and the
optimal sensitivity of 2-D MAS will be 1/2 /2 of the sen-
sitivity of 2-D aperture synthesis. But for MAS, there are
two main obstacles to obtain the optimal sensitivity

(a) Because the cosine visibilities should be firstly
solved from Eq. 1, the algorithm applied to obtain the co-
sine visibilities will has a great impact on the sensitivity.
In particular, when Eq. 1 is not well posed, the noise in
the cross-correlations will be amplified during the signal
processing, and the optimal sensitivity cannot be ob-
tained.

(b) MAS can utilize a small array to obtain a high
spatial resolution by combining several measurements.
Thus the integration time for each measurement will be
shorter, and the optimal sensitivity cannot be obtained.

The impact of these factors is difficult to be evalua-
ted by analytic analysis. The actual sensitivity of MAS
can only be evaluated by numeric simulation. And detail
comparisons between the sensitivity of MAS and aperture
synthesis can be made by numeric simulation.

3 Comparisons between the sensitivity
of MAS and aperture synthesis by numeri-
cal simulation

3.1 Comparisons between 1-D MAS and aperture
synthesis

The array for 1-D MAS is a 12-element array with
the normalized antenna spacing {6, 6, 6, 6, 6, 4, 2,
1,1, 1,2}. Two measurements are taken, and the line-
ar equations are combined to provide the spatial frequen-
cy coverage without baseline missing and the matrix P in
Eq.4 with a proper rank. One measurement is taken at
the distance of 3A from the array to the reflector with the
normalized antenna coordinates {3, 9, 15, 21, 27, 33,
37,39, 40, 41, 42, 44}, and the other is at the dis-
tance of 5A with the normalized antenna coordinates {5,
11, 17, 23, 29, 35, 39, 41, 42, 43, 44, 46|. The
two measurements provide the longest baseline of 90A.

The array for 1-D aperture synthesis is a low-redun-
dancy linear array of 16 elements with the normalized an-
tenna spacing {1, 1,6,6,6, 11,11, 11,11, 11,5,
5,3, 1, 1}, and it also provides the longest baseline of
901", With the same spatial resolution, the sensitivity
of 1-D MAS and 1-D aperture synthesis can be simulated
and compared.

Due to the shortest baseline of one wavelength, the
field of view is from — /6 to m/6. And the antenna
pattern is set as an ideal fan beam pattern

F (0,4) = {(1) for| /2 - 9| < A.B, (| < m/6
otherwise
, (22)
where A@ is the narrow beamwidth of the fan beam. The
scene to be imaged is with a stepped uniform BT as
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Fig. 1 The scene to be imaged, a stepped uniform
BT of 300 K

B g5, 52 300 K Bs 4317 e IR

reconstructed BT/K

I
®
a,
=2
b
]
>

=
2

=
3
5|
Q
@

Fig.2 The simulated results for 1 — D aperture synthe-
sis; (a) The reconstructed BT, (b) the sensitivity at
each pixel

2 LA AL EEE R (a) ERSER, (b)
PR R N RBUE

shown in Fig. 1. The bandwidth is set to be 100 MHz.
The integration time for 1-D aperture synthesis is set to
be 1 s. The integration time for each MAS measurement
is set to be 0.5 s, and the total measurement time is 1s.
The receiver noise temperature is set to be 500 K.

For 1-D aperture synthesis, the covariance of the re-
constructed BT is computed by Eq. 8. The simulated re-
sults are shown in Fig. 2 (in order to be convenient to
compare, only the positive part of the view field dis-
played) , where Fig. 2(a) is the reconstructed BT and
Fig. 2(b) is the sensitivity at each pixel. Since the cor-
relation between visibilities is taken into account, the

reconstructed BT/K
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Fig.3 The simulated results for 1-D MAS (a) the re-
constructed BT by TSVD, (b) the sensitivity at each
pixel by TSVD
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sensitivity of 1-D aperture synthesis follows the distribu-
tion of the scene, which matches well the discussion in
Ref. [11]. The RMS sensitivity ATy of the system is a-
bout 0. 8 K.

For 1-D MAS, the covariance matrix of the cross-
correlations is computed by Eq.7, and the covariance of
the reconstructed BT is computed by Eq. 9. TSVD is ap-
plied to obtaining the cosine _visibilities from Eq. 4. The
number of singular values of P is 90, but only 84 greatest
singular values of P are kept for TSVD. Other smaller
singular values are abandoned. Fig. 3(a) is the recon-
structed BT image by TSVD. Fig. 3 (b) is the corre-
sponding sensitivity at each pixel, and the RMS sensitivi-
ty is about 0. 82 K, which is approximate to the RMS
sensitivity of the aperture synthesis system. But accord-
ing to Eq. 16, the optimal RMS sensitivity is about 0. 4
K, which is a half of the sensitivity of the 1-D aperture
synthesis system. It shows that the noise in the cross-cor-
relation is amplified, which causes 1-D MAS cannot
reach the optimal sensitivity.

3.2 Comparisons between 2-D MAS and aperture
synthesis

The 2-D array for 2-D MAS contains 36 antenna ele-
ments. Each row and column of the 2-D array is a 6-ele-
ment linear array with normalized antenna spacing {4,
3,1, 1, 1}, as shown in Fig. 4. Similarly, two meas-
urements are taken and combined. One measurement is
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taken at the distance of 2A from the array to the two re-
flectors ( shown in Fig. 4 (a)), and the other is at the
distance of 3\ from the array to the two reflectors ( shown
in Fig. 4(b)). The two measurements provide the lon-
gest baseline of 26\ at both dimensions. The integration
time for each MAS measurement is set to be 0.5 s, and
the total measurement time is 1 s.
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Fig.4 The array arrangement for 2-D MAS (a)
The distance of 2A from the array to the reflec-
tors, (b) the distance of 3A from the array to the
reflectors
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The array for 2-D aperture synthesis is arranged as
the shape of “U” with 27 antennas in each arm, totally
79 antennas. The minimum antenna element spacing be-
tween adjacent antennas is one wavelength (A). The ar-
ray also provides the longest baseline of 26\ along both
the dimensions.

The scene to be imaged is with a stepped uniform
BT as shown in Fig. 5. The other system parameters are
the same as the 1-D case.

The simulated results for 2-D aperture synthesis are
shown in Fig. 6 (only the positive part of the view field
displayed ) , where Fig. 6(a) is the reconstructed BT and
Fig. 6(b) is the sensitivity at each pixel. It’ s also found

Fig.5 The 2-D scene to be imaged, a stepped u-
niform BT of 300 K

K5 4, el 300 KBk o3 A
JEIR

Fig.6 The simulated results for 2-D aperture synthe-
sis (a) The reconstructed BT, (b) the sensitivity at
each pixel

Ko —Hizia ALy HA 4t (a) A2 A,
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that the sensitivity of 2-D aperture synthesis follows the
distribution of the scene. The RMS sensitivity of the sys-
tem is about 2. 89 K.

The simulated results for 2-D MAS are shown in
Fig. 7. The number of singular values of is 550, but only
the 530 greatest singular values of are kept for TSVD.
Fig.7(a) is the reconstructed BT image by TSVD. Fig.
7(b) is the corresponding sensitivity at each pixel, and
the RMS sensitivity is about 1. 99 K, which is smaller
than the RMS sensitivity of the aperture synthesis sys-
tem. But the RMS sensitivity is still much greater than
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Fig.7 The simulated results for 2-D MAS (a) The
reconstructed BT by TSVD, (b) the sensitivity at
each pixel by TSVD

K7 —HEmBga R B R (a) FIH] TSVD
ARG, (b) FIH TSVD A5 51)#414
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the optimal sensitivity of about 1. 02 K, which is of the
sensitivity of the 2-D aperture synthesis system.

4 Conclusions

In this paper, the sensitivity of MAS is analyzed and
compared with that of aperture synthesis. Because 1/Q
demodulation is not required in MAS, the variance of the
cross-correlation for MAS is a half of that for aperture
synthesis, and the optimal sensitivity of MAS is superior
to that of aperture synthesis under the ideal case. But the
actual sensitivity of MAS highly depends on the algorithm
applied to solve the linear equations, and generally due
to the impact of the algorithm, MAS cannot reach the op-
timal sensitivity.

Compared with aperture synthesis, MAS is still pre-
mature. There is a long way to go from the study to a ma-
ture concept design, a prototype, and practical applica-
tion. More work is needed, such as antenna array de-
sign, calibration, image reconstruction algorithms, the
impact of system imperfections on the accuracy, the error
budget, the impact of polarization and so on. We will
solve these problems one by one in the following study,
and then develop a small prototype to demonstrate the
feasibility of MAS sufficiently. After these work, we will
aim at the geostationary atmospheric sounding and do fur-

ther work.

Appendix: The Variance and the Covari-
ance of the Cross-correlation for 2-D MAS

The process of derivation for 2-D MAS is similar to
that for 1-D MAS in Ref. [4], and a brief derivation is
presented here. First, the autocorrelation is established
based on the system model and the signal model. Then
the variance and the covariance are derived respectively.

The detail model for a 2-D MAS system is presented
in Ref. [4]. Fach antenna collects four signals emitted
from the source, given as

bi(1) = bi(e) +b; (1) +bi (1) +bi(r)

, (A1)
where the superscript d, x, v, and o denote the direct
signal and reflected signals collected by the antenna re-
spectively. The output of each receiver contains not only
the signal but also the receiver noise denoted by n(t).
Then the multiplication of two signals before entering the
Integrators 1s

my(t) = [b;(t) +n; () 1[,(¢) +n(2) ]

. (A.2)
The autocorrelation is given as
=<my()m;(t +7) >
= < b(0)b(t) >° +< b()b(t + 7) >-

<b(t)b(t+7) >
+< b ()b, (t +7) > <n(t)n(t +7) >
+<b()b(t+7) > <n(t)n(t+7) >
+<n()n(t+7) > <n()n(t +7) >
+< b ()b (t +7) >-<b(t)b(t+7) >
, (A.3)
where < > denotes the ensemble average. And one has
<b ()b (t+7) > = < [b] (1) +b; (1) +b (1) +b7(1)]
S[bf(t+7) +b(t+7) + b (¢ +
) +b/(t +7)] >]
= sinc(Br)cos(2nf,7)R; . (A. 4)

Equation (A. 4) can be applied to any combination
(1, j), for example:
<b,(t)b,(t +7) > = sinc(Br)cos(2mf.7) (R, =T )
<n(t)n;(t +7) > =T [“sinc(Br)cos(2mf.7)
where T [ is the equivalent noise temperature of the re-

mi;

ceiver.

The results can be substituted into Eq. (A. 3), and
the high frequency term with cos(4mf,t) in the autocor-
relation can be filtered by the integrators, because inte-
grators can be regarded as a low-pass filter. Thus, one
obtains

2 1
R"H/(T) = Rij + ?
Then the variance of the cross-correlations in 2-D

MAS is:

sinc’(Br) (R;R; + R;) . (A.5)

[T}

1
< AR} > = 2?T(ha%ﬂ. +R) . (A.6)
The cross-correlation of the process is given as
R, (1) = <m;()m,(t+71) >
= < [b6:(0) +n(0) ][ (1) +n(1)]
b (t+7) +n (e +7)][b,(t+7) +
n(t+7)] > (A. 7)
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Similar to that in Ref. [13], the expected values of
15 products in Eq. (A.7) are zero, and only one prod-
uct is nonzero.

Ry, (7)) = < b,(0)b;(2) - b, (t +7)b, (¢ +7) >
1 .

= R,R, + 7smcz(BT) (R,R, + RyR,)

(A. 8)

Then, the covariance of cross-correlations for 2-D

MAS is:
1
< AR;AR, > = Z?T(RikRﬂ + RyRy.)
(A.9)
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