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Uncertainty in normal reflection terahertz spectroscopy measurement
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Abstract ; Terahertz time-domain spectroscopy ( THz-TDS) is a significant technique for characterizing materials as
it allows fast and broadband measurement of optical constants in the THz regime. The measurement precision of the
constants is highly influenced by the complicated measurement procedure and data processing. With particular em-
phasis on normal reflection measurement, the sources of error including amplitude errors and positioning error and
sample misalignment in determining the dielectric properties of materials were analyzed. The uncertainty that char-
acterizes the influence on the optical constants for each source was formulated independently. Several simulations

were carried out to illustrate the relations between the error sources and the uncertainty of the optical constants.
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Introduction

In the past decades, the terahertz time-domain
spectroscopy ( THz-TDS) has become a powerful tool to
measure materials’ optical constants in the THz domain.
There are two configurations of measurement mode in a
THz-TDS system. One is the transmission mode which
has been applied to measure various materials effective-
ly, including solids''’, liquids'*’ and gases®’. Howev-
er, it cannot be used for some substances with high ab-
sorption, such as polar liquids and metallic materials,
and optically thick samples. These substances can be
measured by implementing the reflection measurement.
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.. . . 4.5 . .
The normal incidence configuration**’ with a normal in-

cidence of the THz field onto the sample surface is a
widely used reflection measurement. Keiding'®”' and co-
workers proposed a reflection geometry where the full set
of spectroscopic data is obtained within the same tempo-
ral scan. A reflection spectroscopic technique called at-
tenuated total reflection (ATR) """ which provides in-
formation on the interaction between the sample and the
evanescent wave traveling along a prism surface, is also
widely used.

According to the measurement theory, many sources
of error in the THz-TDS measurement process affect the
accuracy of extracted optical constants. Many researchers
have devoted to assess the influence of errors on optical
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constants in several THz-TDS system. For instance, in
transmission THz-TDS system the systematic research of
errors and their uncertainties contributed to the measured
optical parameters was addressed by Duvillaret et al'''.
The further researches were given in much greater detail
in two papers by Withayachumnankul et al. "'/, A.
Soltani et al. '’ calculated the effect of delay errors nu-
merically in THz-ATR system and found that delay fluc-
tuation can be minimized by good thermal stability of the
terahertz system. Reference [ 16 ] proposed an alterna-
tive configuration for ATR THz-TDS that significantly re-
duces the impact of prism misalignment between the ref-
erence and sample measurements. The resembling re-
search for normal reflection terahertz spectroscopy meas-
urement has not been explored to our knowledge. This
motivates us to analyze the errors and derive their rela-
tions to the uncertainty of measured optical constants in
normal reflection terahertz spectroscopy measurement in
this work. The influence of amplitude errors and positio-
ning error and sample misalignment are analyzed. It is
noted that the influence of divergence of focused THz
beam is not taken into account since its uncertainty com-
ponent is about 10™ of dielectric constants''®', which is
negligible in determining the dielectric properties of ma-
terials.

The remainder of the paper is organized as follows.
Section 2 describes the normal reflection terahertz spec-
troscopy, and derives the measurement functions of opti-
cal parameters. In Sect. 3 the sources of error in the
THz-TDS measurement and parameter extraction process
are identified and their uncertainties are formulated. A
numerical study of the developed uncertainty model is
given in Sect. 4. A brief conclusion is made in Sect. 5.

1 Optical constants measured by normal
reflection THz-TDS

As shown in Fig. 1, a femtosecond laser pulse train
is split into a pump and probe beam by a beam splitter.
The pump beam focuses on the emitter antenna to gener-
ate the THz pulse, and the probe beam is delayed by a
delay line controlled by a stepping motor to sample the e-
lectrical field of the THz signal. The waveform reflected
from an ideal mirror is reference signal. The waveform
reflected from the sample that is placed at the same place
is sample signal.

By Fourier-transforming the two THz waveforms, the
spectral components at angular frequency of the electric
field are denoted as E, (w) and E,,, (@), respectively.
Then the complex refractive index of the sample can be
obtained by the relation

where R is the reflectivity and ¢, is the phase shift be-

tween the reference signal and sample signal. n =n - jk
is the complex refractive index of the sample with n and
k being the refractive index and the extinction coeffi-
cient, respectively.

By inverting Eq. (1), one can get analytical ex-
pressions of n and « as
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Fig.1 Schematic of the normal reflection-type THz-TDS
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n(@) =+ 1 - R(w) , (2a)
+ R(w)” =2R(w)cosd,(w)
2R(w)sind,(w)

k(w) = 5 (2b)
1 +R(w)” -2R(w)cosd,(w)

The optical constants n and k can be extracted via
Eqgs. (2a) and (2b) in a normal reflection THz-TDS
measurement process and from now on the two equations
will be referred to as the measurement functions.

2 Uncertainty in THz-TDS reflection mea-
surement

The delay positioning error combined with electronic
and optical noise, will give rise to error of amplitude in
the time trace. The amplitude error propagates through
the Fourier transform and de-convolution stages, to the
output uncertainty of optical constants. As discussed in
Ref. [17], an even small misalignment of the reference
mirror as compared with the position of the sample, will
causes a severe error in the deduced complex refractive
index in the THz region. Thus, the uncertainties by this
error made on the optical properties of the tested sample
will be analyzed. In the measurement procedure, the er-
ror from the manual placement of sample may give rise to
nonzero incident angle. This error also gives rise to the
uncertainty of optical constants. Subsections 2. 1-2. 3
provide an analysis for each source of error in detail.
2.1 Errors in T-ray Amplitude

The amplitude-related variance in the refractive in-
dex can be calculated as

o) = () e () e 3

where

an _ 2cosd,(1 +R) —-4R (42)
R~ (1 +R —2Rcosdy)? =~ - °
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main reference and sample signals is denoted by si‘ﬂf and
simm respectively, according to Ref. [12], the variances

of the magnitude and phase of complex reflectivity coeffi-
cient are

. I E,. (o)
sralo) = E,(0)E,, (o) o) E, (o) )
SEN)
Br(@) = B (@) 4 B, ()
bt B () [ E (o) |* B
. (5h)
where

A, (@) = Zk,?Sz[Emm(w)eXp(jwkT)]@me(k) ,(6a)

Ag(@) = XY LE (0)exp(jwkr) Is; (k) (6b)
B,.(0) = 2 W[E,, (0)exp(jokr) s (k) ,(6c)
Bref(w> = g ER2[Eref(w> eXP(]wkT> ]Si"m/(k> ) (6d>

where 7 and R* represent the square of the imaginary
and real parts, respectively. The sampling interval is de-
noted by 7, and k7 represents the sampling time with &
being the temporal index.

Substituting Eqs. (4) and (5) into Eq. (3), the

amplitude-related variances in the refractive index read

Si,E(w) ) [ZRcosqugl +R) —4Ii ] { A, (o) . A, (0) 4}
(18 ~2Resb) £, () [ ¥ TE, (0)
. 4(1 - B)*Rsind { B, (o) B, () }
(1 4R -2Rcosd,)* @) [ E, () I*

- (7)
Likewise, the amplitude-related variances in the ex-
tinction index read as

s 4(1 - K )R sind,
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2.2 Errors in Sample Alignment

When the angle of incidence of T-rays on a sample
slab is not normal to the surfaces, according to Fresnel e-
quations, the exact complex reflective index of a sample
is given by
ncos, — cosf,

I}S)&‘d(}l ( 6> = ~

= Rexaclexp(i(bR,exacl) ,<9>

ncosf, + cosf,

where 6, and 6, are the incidence angle and refraction

angle, respectively, of THz pulses. According to Snell’ s
law, n, sinf, =n sinf, holds.

Supposing that the incident angle 6, deviates in a

small interval [ -f,,f, ] and has zero arithmetic mean, the

magnitude difference and phase difference between the
calculated and exact complex reflection coefflcient in the
worst-case scenario, are

ncosf, + cos(arcsin(%)) n o+ 1
n
,(10)

f(bk,ﬂ(w) = arg(Rexacl - R)
ncosf, — cos(arcsin(smf")) 3
n n -1

ncosf, + cos(arcsin(%)j n o+l
n
.(11)

Derived from the measurement functions in Eq.
(2), the effect of sample alignment error on the refrac-
tive index deviation is

2cosd, (1 + R*) — 4R

(1 + R* = 2Rcosd,)’
2Rsind, (1 + R*)

(1 + R* =2Rcosd,)’

f,l,9<w) =

L)

Likewise, the effect of sample alignment error on
the deviation of the extinction coefficient is

2sind, (1 — R?
Sull 210 g
(1 + R® = 2Rcosdy)
4R’ - 2Rcosd, (1 + R
(1 + R* = 2Rcosd,)’

fK,9<w) =

Dl (%)

2.3 Error in the samples’ position

The reflection measurement requires the reference
measurement using the metal mirror at strictly the same
position as that of the sample. This is rather difficult to
achieve in real measurements, and the error A_( see Fig.
1) induced by an even small misalignment induces a
phase error;

2A

Ady =

Then the deviation in the refractlve index and extinction
coefficient, respectively, arising from the small misalign-
ment A_, are

—2Rsind, (1 - R*)
Jua, T (1 + R® - 2Rcosd, )’

(14)

27% = n(w)a(w)A,

,(15a)

2 2
20°(n" - 1) kA, ,(15b)

fos (@) = abs[ & -2 Ln
o 2 ca
where a(w) =2wk(w)/c is the absorption coefficient of
the sample.

Regarding Eq. (15), the relative errors made on
real and imaginary parts of the complex refractive index
are highly related to the absorption coefficient of the sam-
ple. The relative error of refractive index f, , /n is larger

for more absorbing material. Whereas for relative error of
extinction coefficient f, , /k there exists an inflexion val-
A,

ue 2w +/n° —1/¢ of absorption coefficient, below which
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S /K is getting smaller when « increases. Above this

value,, which ranges from tens to hundreds of cm™ in the
THz range, f, ./ gets bigger with increasing a. There-

fore, for a highly absorbing material, the uncertainties

due to misalignment made on the optical properties of the
tested sample are quite big and deserve to be corrected
. . [18] . [19] :

either by numerical' ' or experimental " solutions.

3 Impact of individual source of uncer-
tainty

In order to analyze the impact of each source of un-
certainty on the overall optical constants’ uncertainty,
several simulations were carried out. According to the
PCA analytical model given by Duvillaret et al™", the T-
ray reference and sample signals were simulated with the
parameters in Ref. [18]; 67, =67, =301fs, 7, =7,
=300 fs, and 7, =120 fs. The reference pulse has the
FWHM of approximately 0. 5ps, giving the frequency
span from 0.1 THz to 4.0 THz. The sample signal was
calculated for the case that the experimental parameters
are as follows: n-jxk =1.5-0. 1j. Figure 2 shows the T-ray
reference and sample signals simulated according to the
PCA analytical.

3.1 Error in T-ray amplitude

refrence
sample ]|
3
& i
[}
ks
=]
a
E =
<
0.4 F ]
S0.6 F ]
-0.8+ E
-1.0 L L L L
0 5 10 15 20 25
time/ps
10%
refrence

- sample

10°

magnitude/a.u.
=)

0 05 10 15 20 25 3.0 35 40 45 5.0

Frequency/THz

Fig.2 Simulated T-ray signals and spectra for reference and
sample
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According to Ref. [11], the variances of T-ray’ s
amplitude affected by the noise can be recorded as AE
(k) +BE(kT) +C, with A, B, and C being the noise
parameters. By fitting the experimental values of the op-
tical constants’ variance, they showed that the order of
magnitude for A, B, C are about of 107, 107, and 107,
respectively. Therefore, the parameters A were chosen
from 0. 001 to 0.01 with 0.001 increment. The parame-
ters B were chosen from 0. 000 01 to 0. 000 1 with 0. 000
01 increment. And the parameters C were chosen from
0.000 000 1 to 0.000 001 with 0.000 000 1 increment.
The corresponding standard deviations of n and k were
calculated with Eqs. (7-8) and illustrated in Fig. 3.
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& +0.025 )
:,E; 0.0015 @0.020 A=001
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= 38 B, o
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Fig.3 Standard deviation of optical constants affected by noise
characterized by different noise parameters A, B and C. (a)
Standard deviation of n for different A (b) Standard deviation of
k for different A (¢) Standard deviation of n for different B (d)
Standard deviation of k for different B (e) Standard deviation of n
for different C (f) Standard deviation of k for different C
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It can be seen that the variation of n and k are very
small below 1THz, and ascend rapidly at higher frequen-
cies, showing that the uncertainty of refractive index and
extinction coefficient are affected by the noise more easily
at high frequencies, probably since that higher frequen-
cies are more strongly affected by errors in mirror position
and orientation in a THz-TDS. It is noted that, in an ac-
tual THz-TDS measurement, the variances of T-ray’ s
amplitude can be obtained by measuring the sample and
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reference several times.
3.2 Error in sample alignment

Figure 4 shows the impact of sample’ s titling angle
on the complex refractive index. The titling angle was
chosen from 0.01 to 0.1 with 0. 01 increment. The devi-
ations in n and k become larger as the increase of titling
angle. The extinction coefficient are more sensitive to the
titling angle than refractive index because that k is very
related to the phase shift between the reference signal
and sample signal, which is strongly dependent on the
incident angle of THz beams onto the sample.

0.008 T T T T T T 0.0100
0.0061 10.0090
®h h
= g
0.0041 10.0085
0.002 ! 0.0080

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11
sample’s titling angle/rad

Fig.4 The deviation in n and k with respect to sample’ s ti-
tling angle
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3.3 Impact from positioning error

As is shown in Fig. 5, the positioning error consid-
ered here is in the order of a micron. The deviations in
optical constants become larger as the positioning error
increases, and are small compared with the optical con-
stants at low frequencies. However, at higher frequen-
cies, the deviations rise rapidly to an unacceptable level
and become much larger than that caused by the other
two errors. It may be conjectured that the positioning er-
ror is the major source contributing to the uncertainty of
optical constants.

4 Conclusion

This paper investigated the sources of error contribu-
ting to the measurement uncertainty of optical constants
in normal reflection terahertz spectroscopy. The analyti-
cal formulas qualifying the relations between error’ s vari-
ance or deviation and that in the optical constants were
derived. The relations were illustrated by several simula-
tion results, which showed that the extinction coefficient
is more sensitive to the errors than refractive index and
the uncertainty of optical constants are larger at higher
frequencies. The analysis of uncertainty is expected to
shed light on choosing applicable correction method to
improve measurement accuracy.

It is noted that a number of optical effects are omit-
ted from the widely used transfer function model, or Eq.
(1). These effects, particularly arising from a beam fo-
cusing configuration, include frequency-dependent beam
shape (beam waist at the focal point, Rayleigh length,
beam divergence) ™’ and beam defocusing by the sam-

: 3
poison error/pm ’
070 Frequency/THz
_ 008
E 0.06
E 0.044
:E 0.02 \
. . X

\

N
NN
-

070 Frequency/THz

Fig.5 Deviations in optical constants affected by positioning er-
ror which runs from 1 wm tol0 pm with 1 pum step size
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ple. Treatment of these effects is appropriate for future
work.
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