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Transverse spin currents through a three-arm ring
embedded with two quantum dots
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Abstract: The spin-polarized electron transport through a three-terminal three-arm ring with two quantum dots sepa-
rately embedded in the upper and lower arms were theoretically studied. The intradot Coulomb interaction on the two
dots and the Rashba spin-orbit interaction inside one arm of the ring were taken into account. With the aid of the non-
equilibrium Green’s function method,we find that even without using any magnetic factors a Rashba induced spin in-
terference effect can drive a spin-polarized current out of the device. By properly tuning the system parameters such as
the applied external voltages,the Rashba interaction strength and the dot levels, not only a fully spin-polarized current
but also a pure spin current can be obtained. Moreover,the effects of the system parameters on the magnitude, sign,

spin-polarization and resonant peaks of the spin-polarized current were also discussed.
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Introduction

In recent years, spintronics has been one of the most
interesting areas of condensed matter physics,which aims
to exploit the charge and spin degrees of freedom of elec-
trons in spin devices. One of the current challenges in
spintronics is how to effectively generate and manipulate
a spin-polarized current in various mesoscopic systems.
Till now ,much methods from both experimental and theo-
retical physics communities have been put forward to
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overcoming the challenge. The traditional methods to
generate a spin-polarized current are mainly optical and
magnetic ones including optical spin orientation meth-
ods''?! ,s?in injection across a magnetic-nonmagnetic in-
terface”>*! and adiabatic or non-adiabatic spin pum-
ping* 7 with the usage of time-varying magnetic fields.
However, all the above-mentioned methods have serious
drawbacks in practice. For example, optical methods are
difficult to be integrated into an electric circuit, the effi-
ciency of spin injection from ferromagnetic metal into a
semiconductor is still unsatisfactory due to the conductiv-
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ity mismatch and for spin pumping methods magnetic
fields may destroy the spin coherence of electrons.
Therefore ,it is more desirable to generate and control a
spin-polarized current in nanostructures by an all-electri-
cal method.

Since Datta and Das proposed the spin field effect
transistor more than two decades ago'®' , Rashba spin-or-
bit interaction ( RSOI) has greatly attracted research at-
tention. The RSOI, which is a relativistic effect at a low
speed limit, couples the spin degree of freedom of elec-
tron to its orbit motion and it’s strength can be conven-
iently controlled by an external electric field or a gate
voltage'®) | thus offering a promising all-electrical ap-
proach to manipulate the electron spin. In fact, there
have already been some works concerning about electri-
cally realizing spin-dependent transport via quantum spin
interference effect in various kinds of multi-path de-
vices!'""®). Most of these works are based on the RSOI
induced Aharonov-Casher( AC) phase which results from
the electron spin precessing about the effective magnetic
field induced by the RSOI when the electron moves
through a regime in the presence of RSOI. Different from
the well-known Aharonov-Bohm ( AB) phase, which is a
spin-independent geometric phase induced by a magnetic
flux, the AC phase is a spin-dependent one and can
cause a spin interference effect in a multi-path device,
since such a device can provide more than one Feynman
path for the propagation of electron waves. The spin inter-
ference effect makes the phase coherent transport process
in the mesoscopic device spin-resolved and thus leads to
a spin-polarized current or a spin accumulation in the
system. However,due to the phase locking effect !*™*)
the outflowing current can never be spin-polarized in a
two-terminal spin interference effect device. Therefore ,in
order to obtain an outflowing spin-polarized current pure-
ly by the spin interference effect, a three-terminal or
multi-terminal device is always required.

In the present paper, we investigate the spin-de-
pendent transport through a three-arm ring with two em-
bedded quantum dots( QDs) where intradot Coulomb in-
teraction and RSOI are both taken into account. To avoid
the phase locking effect, the two-dot three-arm ring is
connected to three normal leads. Then due to the coexis-
tence of different Feynman paths and a local RSOI, when
an electron wave propagates from one lead to another
one,a spin interference effect can occur and result in a
spin-polarized current flowing in the leads. By the
Keldysh nonequilibrium Green’s function method, we
have analyzed the resulting spin-polarized current in the
investigated system. Our results show that the magni-
tude , spin-polarization and current peaks of the generated
spin-polarized current can be conveniently controlled by
the system parameters such as the applied external volta-
ges, the strength of the RSOI, the dot levels and the lead-
lead coupling strength. Of particular interest, even only
one spin component current can survive and another spin
component one is fully suppressed by appropriately adjus-
ting the system parameters, i. e. , a fully spin-polarized
current can be achieved, in other words, the spin injec-
tion with 100% can be realized in our proposed device.
Furthermore, at a certain constellation of the system pa-
rameters, an equal spin-up and spin-down charge cur-

rents can flow oppositely through the device,i. e. ,a pure
spin current without any accompanying charge current
can also be obtained, which has been one of the focuses
of spintronics research.

The rest of this paper is organized as follows. In
Sec. 2, we present the second-quantized model Hamiltoni-
an for the proposed device and derive the formula of the
spin-polarized current by using the nonequilibrium
Green’s function method. In Sec.3,we study the proper-
ties of the spin-polarized current numerically. Finally, a
brief conclusion is given in Sec. 4.

1 Physical model and formula

The device of interest is depicted in Fig. 1,which is
composed of three normal metal leads and a three-arm
ring with two quantum dots (QDs) sitting on the upper
and lower arms respectively. Owing to the small effective
mass , the energy separation between single electron levels
in semiconductors is considerably sizable. Hence,only a
single energy level near the Fermi face is assumed to be
involved in each QD. For the studied system,we assume
that there exists a local RSOI in the arm between QD2
and the right lead. The intradot Coulomb interaction is
also considered for each QD and for simplicity we assume
that the intradot Coulomb interactions in the two QDs
have the same strength. The left and right leads are con-
nected to each dot,while the middle lead is only connect-
ed to QD1. In addition, the left and right leads are also
directly coupled together through the middle arm of the
ring. Due to the device configuration, when an electron
wave propagates from one lead to another one, more than
one Feynman path can be followed and the electron wave
following the path through QD2 can acquire an AC phase
due to the RSOI induced spin precession. Consequently , a
spin-resolved interference effect between different paths
can take place,and thus a spin-polarized current may e-
merge in the system. For the considered device,the total
Hamiltonian in second-quantized form can be written as

M

Fig.1 Schematic of a three-terminal spin device, which consists of
tree normal metal leads and a three-arm ring embedded with two QDs
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where the operator d;, (d,, ) creates ( destroys) an electron
with spin (o= 1, | oro = = )in QDi(i=1,2),C;,
(C,,, ) creates (destroys) a conduction electron with spin
oand wavevetor k in lead a(a =L,R,M) ,and n,, =d;
d,, is the number operator for the corresponding state of
the dot spin. The first term in H, describes the three
leads ,which are described by the noninteracting free elec-
tron gas model. The second and third terms in H, corre-
spond to the isolated QDs,each of which has one energy
level g, and an intradot Coulomb interaction with the in-
teraction strength U. The term H}, accounts for the direct
coupling between the left and right leads via the middle
arm with the coupling strength ¢,,. The last term H, de-
scribes the couplings of the dots to the leads, where ¢, is
the hopping matrix element between lead o and QDi.
Since the local RSOI is considered,a spin-dependent AC
phase o = oa,mL/h *enters into the hopping matrix ele-
ment modeling electron’s tunneling between QD2 and the
right lead , with a; being the RSOI strength parameter, m
being the effective mass of electrons and L being the
length of the arm between QD2 and the right lead.

Our focus is the tunneling current from the middle
lead to QD1. According to the Heisenberg equation of
motion , the charge current per spin channel flowing from
the middle lead to the dot can be calculated from the
time evolution of the occupation number of electrons with
the corresponding spin in the middle lead,i. e. ,the spin
component current can be evaluated by

I, =-e < dN,,/dt > =Ili—e < [Ny, ,H] >,
Ny, = ZC;MUCI(MU , (5)
k

with [.... Jand <... >denoting operator commutation and
the quantum statistical average respectively. Then with use
of the Keldysh Green’s function method"™’ the spin compo-
nent current flowing in the middle lead can be expressed as

d <
I =bif2—:[tmcw,,(w) thel ., (6)

where G; (@) is the Fourier transform of the lesser
Green’s fuction G, (¢). In the local basis G; (¢) is a
5 x5 matrix ,whose matrix elements are

Guro(8) =i < Y €l (0) Y C, (1) >
(a,a’ = L,R,M) , (1)
G (1) =i < di(0) Y Cp, (1) >

(a = L,R,M;i =1,2) , (8)
Gaw(1) =i < D Cpp(0)d, (1) >
(a = L,R,M;i =1,2) , (9)
G (t) =i <d, (0)d, (1) >
(i,j =1,2) . (10)

The above lesser Green’s functions are related to the re-
tarded and advanced Green’s functions through the well-
known Keldysh equation,

Gy = Ge,g;8, 6, + 6,36, (11)
here G, is the retarded Green’s function of the system and
G: is the advanced Green’s function whose expression is
the Hermitian conjugate of G,. In the local basis G, is

also a 5 x5 matrix with matrix elements defined as

Gowo (1) =—1i6(2) < [;Ckw(t),;céala(O)L >

(a,a’ = L,R,M) , (12)

G (1) ==-i0(2) < [d, (1), Cp(0)], >

7

(a = L,R,M;i =1,2) , (13)

Gp (1) ==i0(2) < [ Cp,(1),d;(0)], >

T
(a = L,R,M;i =1,2) , (14)
Gy, (1) =-i0(¢) < [d,(1),d;(0)], >

(i,j =1,2) , (15)
where [... ], denotes the anticommutation relation. In

Eq. (11) g7 stand for the corresponding Green’s
functions for the uncoupled system(i. e, =¢,, =0) and
3. stands for the lesser self energy. For our system, 3

< _a-1

=0 and g/ 'g g% " is diagonal

8 88, =
2if, (0)/7p 0 0 00
0 2ifx(0)/mp 0 00
0 0 2fy(w)/mp 0 0| »(16)
0 0 0 00
0 0 0 00

where f, (@) =1/[ &' ™" + 1]is the Fermi distribu-
tion function of lead « and p is the density of states of
leads. In order to solve the retarded Green’s function G, ,
we adopt the Dyson equation
G, = (g -3)" . (17)
In the wide-band approximation'! the retarded
Green’s function of the uncoupled system g can be ex-
pressed in the form

-imp 0 0 0 0
0 -imp O 0 0

g =] 0 0 -imp 0 0 ,(18)
0 0 0 g, O

0 0 0 0 g

with g, being the retarded Green’s functions of the isola-
ted ith QD which

w-g-U+Un,_,
(w-¢)(w-¢-U)
tion. In addition, the self-energy neglecting higer-order
terms can be given by the tunneling matrix

can be written as gl =

in the Hartree-Fock approxima-

0 Lig 0 1t i,
te O 0 gy tpe
3 =10 0 0 iy 0 .(19)
tLl tRlA tMl O 0
t, tpe’® 0 0 0

As the final step,the occupation number in g, is deter-
mined by the following equation

n, =-—1i d—wGi;(w) , (20)
2w

o

with 6, (@) = 25 |6, (@) I’f, (). With the above
TP @

g

equations , the spin component current /_can be solved
self-consistently and then the charge and spin current in

the middle lead can also be worked out as follows
IM:IT+IL’JM=IT_IL . (21)
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2 Results and discussions

In this section,we present numerical results to show
some interesting properties of the generated spin-polar-
ized current in the studied system. During the numerical
evaluation we assume that the energy 100 meV to be the
unit of energy and 0.01 meV "' to be the unit of density
of state. Because the wide-band approximation is adopted
in the evaluation of the self energies,the density of states
in leads have been assumed to be independent of ener-
gies,and in our calculations we set p, =pp =p, =1. The
Fermi energy of each lead is taken as the origin of ener-
gy ,so that the electrochemical potential of lead « is u, =
V, with V_ being the external voltage applied on the cor-
responding lead. Fig. 2 shows the two spin component
currents as a function of the voltage V, with the other pa-
rameters fixed. It is clear that the spin-up and spin-down
currents can be modulated by the voltage V; in both mag-
nitude and flowing direction and when V; varies in the
given region the difference between the two spin compo-
nent currents is nonzero,i. e. ,a spin-polarized current is
generated. At point A (V= —0. 6in Fig.2(a) or V=
-2. 0lin Fig. 2(b) ), the spin-down current vanishes
while the spin-up one survives, hence a fully spin-polar-
ized current with up-spin emerges in the middle lead. On
the contrary,at point B(V,~ —0.32 in Fig.2(a) or V,
~ - 1.26 in Fig. 2(b) ) , the suppressed current is the
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Fig.2 The induced two spin component currents versus the ex-
ternal voltage Vi, with #,, =ty =t,, =0.4,t, =ty =t,, =0.8,V,
=1.0,V,=0.0,g,=1.0,6, = -0.1,k;T7=0.02,¢p =w/3 for.
(a) U=1.0,and (b)U=0

B2 WA BRESRSIMIMR Vi HRFR. H In =ty =1t
=0.4,t, =ty =1, =0.8,V,=1.0,V,=0.0,g, =1.0,¢, =
-0.1,k;T=0.02,p=m/3.(a) U=1.0,(b)U=0

spin-up one and another type of fully spin-polarized cur-
rent with down-spin emerges, of which the following di-
rection is opposite to that of the spin-up one obtained at
point A. More interestingly, when V, = - 0.5 for U =
1.0 or V= -0.1 for U=0.0(see point C in Fig.2(a)
and Fig. 2(b) ) ,the spin-up and spin-down currents flow
in opposite directions and have identical magnitudes , thus
a pure spin current without any accompanying charge one
forms in the middle lead.

Next we present the dependence of the two spin
component currents on the AC phase ¢, which can be
tuned by adjusting the RSOI strength with an electric
field or a gate voltage. As depicted in Fig. 3, both the
spin-up and spin-down current oscillates with ¢ and ex-
hibits a sinusoidal-like behavior when the other parame-
ters are fixed. In general, the two spin component cur-
rents are out of phase thus giving rise to a spin-polarized
current. The destruction of the origin symmetry of the two
spin component currents arises from the spin-dependent
interference effect induced by the AC phase due to the
local RSOI. Hence,at point A; (¢ =0) ,the RSOI is ab-
sent and the outflowing current in the middle lead is un-
polarized. However, at point4, (¢ =) and point A; (¢ =
2ar) ,the current is also unpolarized, this is because the
RSOI induced spin interference effect reaches it’s fully
destructive points atp =nw(n= =1, £2, +3...). Of
particular interest, at pointsB, , B,, B, and B, , only one
spin component current survives and another one vani-
shes totally so that a fully spin-polarized current can be
obtained. Moreover, at pointC; (¢ =0. 37) and pointC,
(¢ =1.64) ,the two spin component currents are equal
in magnitude but have opposite following directions, thus
a pure spin current can also be obtained. By present ex-
perimental technology, the phase ¢ is tunable to a large
extent. For example, if the RSOC strength parameterag
=3 x10 "eVm, the effective mass m =0. 036me[16] ,and
the length of the arm between QD2 and the right lead is
200 nm, then op = ocazmL/h > ~. Therefore,in exper-
iments the generation of a fully spin-polarized current or
a pure spin current by electrically tuning the AC phase
can be realized.

In the following, we proceed to investigate the
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Fig.3 The induced two spin component currents versus ¢ with
tp=0.1,¢,=t,=0.4,V,=-1.0,g,=1.0,U=2.0 and the
other parameters chosen as in Fig.2
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charge and spin current in the middle lead when one of
the QD levels is fixed. In Fig. 4 (a),we show the de-
pendence of I,,and J,on the QD level g, with fixed g, =
0 for U = 0 and in Fig. 4(b) we show the same depend-
ence for U = 2. It is shown that not only the magnitude
but also the sign of the generated spin current can be
strongly modulated by &, ,which can be easily controlled
by a gate voltage. When U = 0,as Fig.4(a) shows,both
the charge and spin current has two antisymmetric reso-
nant peaks, which can be attributed to the fano reso-
nance. The fano resonance here arises from the quantum
interference between the discrete channels and the con-
tinuum channel since the electron wave can propagate
through both the QDs ( discrete channels) and the direct
channel between the left and right leads ( continuum
channel). Because the generated spin current originates
from the charge current with the spin interference effect,
it also exhibits an antisymmetric behavior. This antisym-
metry of the spin current allows us to change the sign of
the spin current easily. In Fig. 4 (b), every resonant
peak in Fig.4(a) evolves to two peaks,the two emerging
peaks are obviously the result from the Coulomb blockade
effect induced by the nonzero intradot Coulomb interac-
tion. Fig. 4 also indicates that the spin-polarization of the
spin-polarized current which is defined as n = J,,/I,, can
also be modulated in a large range, since the charge and
spin current changes out of phase with the adjustment of
&,. Especially,at those points where I, = J,,the spin-po-
larization is equal to 100% and at those points where I,
=0,J,,#0 the spin-polarization is equal to infinity indi-
cating that both a fully spin-polarized current and a pure
spin current can be generated only if the value of g, is

1.2 T T T T T
N (a)

08} A ]

04t _--- 1

I/J(e/h)
1
o

\
\ -

-0.4 - \ - g
\

-08F -y \ d .

Fig.4 The charge and spin current versus g, with g, =0 for (a)
U=0, and (b) U =2.0. The other parameters aret,, =ty =t,, =
tp =0.8,¢,,=0.1,¢,=0.8,V,=1.0,V,,=0.0,V, = - 1.0,
kyT=0.02 and ¢ =0.6

K4 HRELUKARRS & KRR (a) U=0,(b) U=2.0.
HMSE R 1, =ty =1, =1 =0.8,1,,=0.1,2, =0.8,V, =
1.0,v,,=0.0,V,=-1.0,k;7=0.02,0=0.6

chosen properly. In addition, with the increase of the
magnitude of &, , the spin current tends to be zero, the
reason for this effect is that a too large magnitude of &,
can strongly weaken the possibility of electrons’tunneling
through QD2 ,so that the transport of electrons in the arm
embedded with QD2 is almost forbidden and then the
spin interference effect which is a prerequisite for the
generation of the spin current is destroyed.

Then we focus on the properties of the spin-polar-
ized current in the middle lead as it is not a pure spin
current. In Fig. 5, the spin current and the spin-polariza-
tion versus the coupling strength ¢;zare plotted for differ-
ent ¢. As can be seen,the magnitude of the spin current
and the spin-polarization can be modulated by #,,. With
the increase of ¢, ,the value of spin current and the spin-
polarization increases firstly and then decreases gradually
to be zero after it reaches a peak value. The underlying
physics responsible for the disappearance of the spin cur-
rent or spin-polarization at a large ¢, is that a large .4
makes electron waves prefer to propagate through the
middle arm and the propagation of electron waves through
the arm embedded with QD2 is almost prevented,so that
the spin interference effect is greatly weaken, thus resul-
ting in the suppression of the spin current. Moreover,
Fig.5(b) shows that the magnitude of the spin-polariza-
tion is tunable in a large range by adjusting ¢,z and under
some circumstances a fully spin-polarized current can be
obtained , which is sizable as shown in Fig.5(a). Final-
ly ,we would like to point out that all the system parame-
ters such as the AC phase, the dot levels and the lead-
lead coupling strength can be conveniently adjusted by an
electric field or a gate voltage without using any magnetic

0.05 r . ; :
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Fig.5 (a)The generated spin current and (b) the spin-polariza-
tion of the generated spin-polarized current versus the coupling
strength #,, with g, =1. 0,6, = - 1.0, t,, =1, =t, =t =0.4
for different phase ¢. The other parameters are chosen as in Fig.
4(b)
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factors. Therefore,the generation and manipulation of the
spin current in our proposed device are all-electrical.

3 Conclusions

In conclusion, a new device composed of a two-dot
three-arm ring and three normal leads was proposed.
Based on the Keldysh nonequilibrium Green’s function
method, the spin-polarized transport through the device
has been investigated considering both the Coulomb in-
teraction and RSOI. The results show that the AC phase
induced spin interference effect can give rise to a trans-
verse spin-polarized current in the middle lead. By tun-
ing the system parameters, the magnitude, sign, resonant
peaks and even the spin-polarization of the generated
current can be easily modulated. In particular,a proper
adjustment of these parameters can produce a fully spin-
polarized current or a pure spin current. Since all the pa-
rameters can be tuned elecirically, our proposal may act
as a promising all-electrical spin device for the generation
and manipulation of the spin current.
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